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1 Goursat’s Theorem and Integration of 1-Forms

1.1 Goursat’s theorem

Theorem 1.1 (Goursat). Let f : Q — C be such that f'(2) exists for all z € Q. Let R be
a rectangle such that R C Q. Then Jop f(z)dz = 0.

Corollary 1.1. With f as above, f(z) = F'(z) with F € H(Q). So f is continuous, and
fe H(Q), as well.

Proof. Assume §, - f(z) dz = a # 0. Split R into 4 rectangles. Then

4
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So there exists some j; such that

f(z)dz| > T.
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Repeat this, splitting R;, into 4 rectangles. We get a jo such that

7{3 f(z)dz

R.h,jg

If we continue this, we get Rj, j, .. j, such that

éR' J(=)dz
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and diam(Ry;, j,....;,) = 27" diam(OR).



Note that (.21 Rj, jo.....jn = {20} for some zy. Then, since

% 1dz:y{ zdz =10
OR OR;

and f(z) = f(z0) + f'(20)(z — 20) + o(]z — 20]), we get that
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la| < 4n f () dz
ORjy jg,msin
Y 74 F(2) = Flz0) — F'(20)(= — 20) d=
ORjy jg,msin
=4" f o(|z — zo]) dz
ORj jg,emsin

For any ¢ > 0, for large enough n, the o(|z — zg|) part is < |z — zo].

< 4" perim(R;, j,.....j, ) diam(Rj, jy.... 5, )€
< 472" perim(R)) (2" diam(R) )
= perim(R) diam(R)e.

This goes to 0 for large enough n, so a = 0. 0

1.2 Integration of 1-forms

Let Q be a domain, and let w = P(x,y)dr = G(z,y)dy with P,Q complex continuous
functions on Q. Let v = {z(¢) : 0 <t < 1}, where 2(t) = x(t) + iy(t).

Definition 1.1. If w is a 1-form, then the integral of w over 7 is

/V““: /Olp(z(t))w/(t) dt—l—/olz(t)y’(t) dt:/P(z)dZ;rd?Jr/Q(z)dzz
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dz

F(2)dz = f(z)dx +if()dy

Definition 1.2. w is exact if there exists f :  — C such that f is C! in the real analysis

2] ]
sense, and w = 8—£da: + a—gdy =df.

o) = flaon) + 22| [2 750 ofais(2.9) = (oo ).
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So w is exact iff there exists a C'! (but not necessarily holomorphic) f such that w = df.



Theorem 1.2. Let Q be a domain and w a I-form on Q. Then w is exact if and only if

/ w=0
OR

Proof. Assume w = df = %dm + g—gdy. Then

for all rectangles R with OR C ().
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Conversely, assume |, arw = 0. For 2,29 € (), there exists a polygonal path from 2 to

z that always moves parallel to the real or imaginary axis. Let f(z) = f,y w. Then f is
20,2
well-defined because it is independent of the path taken. Let P = % and Q) = %5‘ O
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